Abstract. In this paper we prove a normality criterion for the families of meromorphic functions involving sharing of functions. Our result generalizes some of the earlier results on Gu's normality criterion.
Introduction and Main Results
It is assumed that the reader is familiar with the standard notions used in the Nevanlinna value distribution theory such as T (r, f ), m(r, f ), N(r, f ), S(r, f ) etc., one may refer to [6] .
A family F of meromorphic functions defined on a domain D ⊆ C is said to be normal in D if every sequence of elements of F contains a subsequence which converges locally uniformly in D with respect to the spherical metric, to a meromorphic function or ∞ (see [10] ).
Two nonconstant meromorphic functions f and g defined on D are said to share a meromorphic functions ψ in D if E f (ψ) = E g (ψ), where E f (ψ) = {z ∈ D : f (z) = ψ(z)}.
The following Picard type theorem is one of the main result from Hayman's seminal paper [7] : Theorem 1.1. (Hayman's alternative) Let f be a nonconstant meromorphic function in C, k a natural number and c a nonzero complex number. Then f or f (k) − c has a zero in C. If f is transcendental, f and f (k) − c has infinitely many zeros in C.
In 1979, Y.X. Gu [5] proved the following normality criterion corresponding to Hayman's alternative: Theorem 1.2. (Gu's normality criterion) Let F be a family of meromorphic functions defined in a domain D, and let k be a positive integer. If, for every function f ∈ F , f = 0 and
Since then many variations of Theorem 1.2 have been obtained, for instance one can see [4, 8, 9, 11, 14, 15] . In fact Schwick [12] proved a more general version of Gu's result: Theorem 1.3. Let ψ ≡ 0 be a meromorphic function in a domain D and k ∈ N. Let F be a family of meromorphic functions in D, such that f = 0 and f (k) = ψ, and f and ψ have no common poles for each f ∈ F . Then F is normal in D.
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In 2004, Fang and Zalcman [3] proved the following generalization of Theorem 1.2 by considering the sharing of values: Theorem 1.4. Let k be a positive integer and b be a nonzero complex constant. Let F be a family of meromorphic functions on D, all of whose zeros have multiplicity at least k + 2, such that for each pair of functions f and g in F , f and g share the value 0, and
Recently, J. Chang [1] proved the following result by replacing the constant b by a holomorphic function: Theorem 1.5. Let k ∈ N and h( ≡ 0) be a function holomorphic on D. Let F be a family of meromorphic functions in D, all of whose zeros have multiplicity at least k + 2, such that for each pair of functions f and g in F , f and g share the value 0, and f (k) and g
share the function h. Suppose additionally that at each common zero of f and h for every f ∈ F , the multiplicities m f for f and m h for h satisfy m f ≥ m h + k + 1 for k > 1 and
Examples are also given in [1] for the sharpness of conditions in Theorem 1.5. Working in this direction, we prove the following generalization of Theorem 1.5 : Theorem 1.6. Let F be a family of meromorphic functions in a domain D, and let k be a positive integer. Suppose that φ is a holomorphic function on D and ψ is a meromorphic function on D such that φ (k) (z) ≡ ψ(z). Suppose that for each pair of functions f and g in F , f and g share φ, and f (k) and g (k) share the function ψ. Suppose further that
(1) every f ∈ F , f − φ has zeros of multiplicity at least k + 2, (2) for every common zero of f − φ and ψ − φ (k) , the multiplicities m f −φ for f − φ and
for every f ∈ F , f and ψ have no common poles in D. Then F is normal on D.
Remark 1.7. If φ ≡ 0 and ψ is a holomorphic function, then Theorem 1.6 reduces to Theorem 1.5. Thus, the conditions (1) and (2) in Theorem 1.6 can easily be seen to be essential. Example 1.8. Consider the family
on the open unit disk D, and let φ(z) = 1/z and ψ(z) ≡ 0. Then clearly, for every f, g ∈ F , f and g share φ(z), and f (k) and g (k) share ψ(z) in D. However, the family F is not normal in D. This shows that φ cannot be taken meromorphic in Theorem 1.6.
Further, for the same family F , if we take φ(z) ≡ 0 and ψ(z) = 1/z k+1 , then for every f, g ∈ F , f and g share φ(z), and f (k) and g (k) share ψ(z) in D. But, the family F is not normal in D. This shows that the condition (3) in Theorem 1.6 is essential. 
(1) for every common zero of f and ψ, the multiplicities m f for f and m ψ for ψ satisfy m f ≥ m ψ + k + 1 for k > 1, and
Corollary 1.10 follows by setting G = {f
n+1 /(n + 1) : f ∈ F } and applying Theorem 1.6 to this family with φ(z) ≡ 0 and k = 1.
Proof of the Main result
For z 0 ∈ C and r > 0, we denote by D r (z 0 ) the open unit disk with centre z 0 and radius r, and D ′ r (z 0 ) the corresponding punctured disk. To prove our main result-Theorem 1.6, we require the following lemma:
Let F be a family of meromorphic functions in a domain D, all of whose zeros have multiplicity at least k. Then, if F is not normal at z 0 , then for each β : −1 < β < k, there exist points z n ∈ D with z n → z 0 , functions f n ∈ F and positive numbers ρ n → 0 such that g n (ζ) := ρ −β n f n (z n + ρ n ζ) converges locally uniformly with respect to the spherical metric in C to a nonconstant meromorphic function g of finite order, all of whose zeros have multiplicity at least k.
Further, recall that the sets {E λ } λ∈Λ are said to be locally uniformly discrete in D, if for each point z 0 ∈ D, there exists δ > 0 such that either E λ ∩ D δ (z 0 ) is an empty set or a singleton, one may refer to [1] .
Proof of Theorem 1.6. Since normality is a local property, it is enough to show that F is normal at each z 0 ∈ D. We distinguish the following cases.
Case I. Suppose that there exist f ∈ F such that f (z 0 ) = φ(z 0 ) and f (k) (z 0 ) = ψ(z 0 ). Then we can find r > 0 such that D r (z 0 ) ⊂ D, and f (z) = φ(z) and f (k) (z) = ψ(z) in D r (z 0 ) and so by the given sharing condition, f = φ and f (k) = ψ for every f ∈ F in D r (z 0 ). Now set α := ψ − φ (k) and consider the family
Then clearly α(z) ≡ 0 and for every g ∈ G, g(z) = 0 and g (k) (z) = α(z). Thus by Theorem 1.3 G is normal in D r (z 0 ). Since G is normal if and only if F is normal, F is normal at z 0 .
Case II. Suppose that there exist f ∈ F such that f (z 0 ) = φ(z 0 ) or f (k) (z 0 ) = ψ(z 0 ). Then we can find r > 0 such that D r (z 0 ) ⊂ D, and f (z) = φ(z) and f (k) (z) = ψ(z) in D ′ r (z 0 ) and so by the given sharing condition, f (z) = φ(z) and
Therefore, the sets {E f } f ∈F are locally uniformly discrete in D r (z 0 ).
As in Case I, consider the family G = {g = f − φ : f ∈ F } and set α := ψ − φ (k) . Then clearly the sets {E g } g∈G are locally uniformly discrete in D r (z 0 ), where 
Noting that z 0 is a pole of α(z) and for every f ∈ F , f and ψ have no common poles implies that (a) for every g ∈ G, g and α have no common poles and hence for every h ∈ H, z 0 is a zero of h of multiplicity at least k + 3,
We first prove that H is normal at z 0 . Suppose on contrary that H is not normal at z 0 . Then by Lemma 2.1, we can find a sequence {h j } in H, a sequence {z j } of complex numbers with z j → 0 and a sequence {ρ j } of positive real numbers with ρ j → 0 such that
converges locally uniformly with respect to the spherical metric to a nonconstant meromorphic function H(ζ) on C, all of whose zeros have multiplicity at least k + 3. Also by Hurwitz theorem, we have H = 1, ∞ on C. Thus by second fundamental theorem of Nevanlinna, we have
which is a contradiction. Therefore H is normal at z 0 . Now we turn to prove the normality of G at z 0 .
Suppose that G is not normal at z 0 . Since H is normal at z 0 , it is equicontinuous at z 0 with respect to the spherical metric. Also h(z 0 ) = 0 for every h ∈ H. Thus there exists δ 1 > 0 such that D δ 1 (z 0 ) ⊂ D δ (z 0 ) and |h(z)| ≤ 1 for every h ∈ H in D δ 1 (z 0 ). It follows that G is a family of holomorphic functions in D δ 1 (z 0 ).
Let {g n } be a sequence in G. Since G is normal in D ′ δ 1 (z 0 ) but not at z 0 , there exists a subsequence of {g n }, which we may take as {g n } itself, which converges locally uniformly on D ′ δ 1 (z 0 ) but not on D δ 1 (z 0 ). By the maximum modulus principle, we have {g n } converges locally uniformly to ∞ in D ′ δ 1 (z 0 ) and hence {h n } converges locally uniformly to ∞ in D ′ δ 1 (z 0 ), which is a contradiction to the fact that |h(z)| ≤ 1 for every h ∈ H in D δ 1 (z 0 ). Thus G is normal at z 0 and hence F is normal at z 0 .
